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1 W2 convergence of unadjusted Langevin
In Part XIII, we gave tools for understanding the convergence of the Langevin dynamics,
da; = —VV (x;)dt + V2dB;. (1)

For instance, we gave a simple coupling argument showing that when the target stationary distri-
bution 7* o exp(—V') (Theorem 1, Part XIII) is strongly logconcave, then the Langevin dynamics
converge linearly in W3 (Theorem 2, Part XIII). Moreover, using tools from Markov semigroup
theory, we established that when the stationary distribution satisfies weaker functional inequalities
such as Poincaré or log-Sobolev, the Langevin dynamics (1) actually converge under stronger error
metrics such as x? or Dkr,. Unfortunately, these results do not immediately lead to implementable
algorithms, because they only hold in continuous time.

Our goal in this lecture is now to give an introduction to convergence guarantees for discrete-time
approximate implementations of the Langevin dynamics. In this and the following section, we will
specifically focus on the unadjusted Langevin algorithm (ULA), which samples xo from a starting
distribution g, and for a step size n > 0, iterates’

2D ) — oV (z8)) + /20®) | where & ~ N(04,14). (2)

The motivation for considering (2), a forward Euler discretization of the Langevin dynamics, is that
it only requires one query to VV, as opposed to running (1) which would require an unbounded
number of queries. This is entirely analogous to the relationship between gradient descent (a
discrete-time algorithm) and its continuous-time counterpart, gradient flow.

It is straightforward to check that the iteration (2) is equivalently induced by the SDE

dl‘t = —VV(l‘o)dt + \/idBt (3)

up to time t = 7, initialized at xo < ). In other words, rather than the position-dependent

drift VV (z;) typically used in the Langevin dynamics, ULA uses a constant drift VV (z). In this
sense, the (discrete-time) ULA is simply an Euler discretization of the (continuous-time) Langevin
dynamics, just as gradient descent is an Euler discretization of gradient flow (Part II).

Our strategy for analyzing the convergence of (2) under strong logconcavity, when the error met-
ric is W, is then fairly straightforward. We first use rapid convergence of the continuous-time
Langevin dynamics as in Theorem 2, Part XIII, and then bound the discretization error through
a coupling argument. We introduce two standard helper claims which help in our analysis.

Lemma 1. Let 7 o exp(—V), where V : R? — R is L-smooth. Then,
Eanne [[|IVV(@)]3] < Ld.

Proof. kjtian: This lemma is Homework V, Problem 1. I will update when it is due. O

n this lecture, for consistency with Part XIII, we use superscripts to denote an iteration count for ULA, to
contrast with subscripts which are used to indicate the passage of time.



Lemma 2. Let {x:}1e(0, follow (1), where V : R? — R is L-smooth and n < 5. Then,
E [l — wolly] < 617E [ 9V (w0)[13] + 12nd.

Proof. By using [la + b+ ¢||3 < 3allZ + 316l + 3 ¢l|3, we have for any ¢ € [0, 7],
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The second-to-last inequality was due to Cauchy-Schwarz, i.e. for {vs}sejo4 C R?,

t
/ / vy vy} dsds’ < / / ( lol12 + |vs/|§) dsds’ =t / a2 ds,  (5)
0

and the last inequality in (4) used our smoothness assumption. Therefore, the conclusion follows
from a variant of Gronwall’s inequality (Fact 1, Part IT), which states that if {®;}¢cjo,,) satisfies
the integral inequality &, < C; + Cy fUt ®.ds, then &, < Cyexp(Can). We apply this to &, :=
E[||lz¢ — w0]|3] and use the assumption on 7, yielding the claim:

Vg ds

E lley — 2oll3] < exp (30°L2) (30° [IVV (o) 3] + 6md) < 697 [ VV (20) 3] + 120d.

We can now analyze the discretization error of one step of the unadjusted Langevin algorithm.

Lemma 3. Let V : R — R be L-smooth and ji- strongly convex. Let xg ~ mo, let {xs}ieio,y) follow

(3), and let m, denote the law of x,,. Then, for n < 137=,

- 32n?L2d
W3 7)< (1= 57 ) Wi mo, ) 4+ ==L

Proof. We first introduce some simplifying notation. Let {Z¢}¢[o,y follow (1), starting from Zo =
xo, and with law 7; at time ¢ € [0,7]. Then the proof of Theorem 2, Part XIII shows that

W3 (g, m*) < exp (—2pm) W3 (mo, 7). (6)

Next, applying Lemma 2 (with n < t for each ¢ € [0,7]), and using the coupling ~, of =, and 7,
which share a copy of Brownian motion driving the respective SDEs, shows that
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W22(7T77,7T17) < E(mn,g‘cn)N'yn |:H$77 - Z‘n||2j| =E l

In the second-to-last inequality, we again used (5) and smoothness, and in the last inequality, we
gained a factor of n by using Lemma 2 at each time ¢t € [0,71]. We further have, for the optimal
coupling v € C(mg, ) realizing W2 (g, 7*),

E [IVV(0) 3] < 260 [IVVE)IE] + 26 a1y [IVV (0) = YV ()13

< 2Ld + 2L%E 4y o) [||x0 - x*HQ} = 2Ld + 2L*W2 (o, ),



using Lemma 1. Combining the above displays and using nL < 11—0 implies

W3 (7, @) < 1603 L2d + 120* L*W3 (7o, 7). (8)

*

Finally, because any three vectors @, ~ m,, Ty ~ Ty, T

~ 1* satisfy
Y112 _ w112 1 9
||x7771'7]’|2 S (1+/1’77)Hx777x17||2+ 1+% Hxnimnnga
we combine (6) and (8) to obtain the conclusion:
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1
< (1 + um) exp (—2un) Wi (mo, 7) + (1 + /”7) (16n°L2d + 120" L*W3 (mo, 7))

32n2L%d
< (1 - ”—2’7) W2 (mg, n*) + 2L =2
I

O

By iterating upon Lemma 3, we obtain a convergence rate for the unadjusted Langevin algorithm
in the W3 error metric. As we will discuss in Section 3, this analysis can be slightly improved.

Theorem 1 (W3 convergence of unadjusted Langevin). Let V : RY — R be L-smooth and p-
strongly convezx, and let k = %, €€ (0,1). Let (9 < argmin, gaV (), and consider iterating the

update (2) for 0 < k < K with n = 1268275%' Then, if #5) denotes the law of x¥),

. 256r2d [ 4d
uW2 (W(K)J— ) <€, for K > = log <€2) .

Proof. Let 7(%) denote the law of (%) for all 0 < k < K, and recall that Lemma 5, Part II shows
that W3 (n(®, 7%) < %d. Moreover, applying Lemma 3 with 7y « 7(®) and 7, + 7(**1) shows

32n%L2d
w3 (7T<k+1),7T*) < (1 - %) w2 (F(k),’ﬂ*) + 777# )

for each 0 < k < K. Recursing upon this guarantee yields

K 2n2 L2 2

where we summed a geometric sequence, and our choices of n, K give the claim. O

We remark that we use the more natural error metric uW3 in Theorem 1 as opposed to WZ, as it
is a scale-invariant quantity in the strong logconcavity parameter p, and is directly comparable to
Dxp,(+]|7*) via Talagrand’s transportation inequality, i.e. Lemma 13, Part XIII), which states

EW3(m,7*) < Dy (7).
©)

1
if 7* satisfies a log-Sobolev inequality with constant —.
I

We also showed in Section 5.2, Part XIII that u-strong logconcavity implies such a log-Sobolev
inequality holds. In the following section, we give an alternative analysis of (2) which shows that
we can directly achieve bounds on Dkr, ()| 7*), strengthening Theorem 1 as implied by (9).



2 Dkr convergence of unadjusted Langevin

Our goal in this section is to give a discrete-time analog of Lemma 10, Part XIII developed by
[VW19]|, which shows rapid convergence of Dkr,(m||7*) along the Langevin dynamics when 7*
satisfies a log-Sobolev inequality. As in Section 1, the simplest way to measure discretization
error is in the W2 metric, as we have already developed such tools (e.g. Lemma 2). We will use
Talagrand’s transportation inequality (9) to relate these W2 errors back to the function value of
interest, i.e. Dkr, (+]|7*). We again start by analyzing the change in KL divergence of the law of
an iterate after one step of ULA, which runs the Euler-discretized SDE (3) for time 7.

Lemma 4. Let V : R — R be L-smooth and suppose 7 oc exp(—V) satisfies a log-Sobolev
inequality with constant i Let xo ~ mo, let {xt}ieqo,y follow (3), and let m, denote the law of x,,.

Then for n < 1¢5=,

Dyt (myll7*) < (1= 51) Dicw (mol7*) + 902 L2d.

Proof. Throughout this proof, let mp; : R? x R — R>q be the density corresponding to the joint
law of (g, ), for all ¢ € [0,7]. We also use the notation (2o | z¢) to mean the conditional
distribution of zo given x¢, and similarly define 7yo(z¢ | 7o), such that

7ot (20, 2¢) = To(w0)mejo(2¢ | o) = Te(we)mop (T | 24). (10)
Our first step is to derive a continuity equation (in the sense of Lemma 6, Part XIII) for the SDE
(3). By using the Fokker-Planck equation (Proposition 3, Part XIII), we have that

2 mle | 20) = V- (VW (@o)mpo(z | 20)) + Amygo(a | ao).

Therefore, averaging over xg ~ my, we have

%ﬂ't({ﬂ) = / (V . (VV(if())ﬂ't‘o(fE | {I?())) + Aﬂ't‘o(.’b | {I?())) Wo(x(])difo

(V . (VV(LL'())W(),;({,C(), l‘)) + Aﬂ'()t(.’)i‘o, x)) dxo

Wt(x)/ﬂ'o‘t(zo | x)VV(xo)das()) + Amy(x) (11)
- (74(2)Egmmgy, [VV (20) | 2 = ]) + Amy(2)

. (m(m)VIog (;rt((”;)))) +V - (74(2)Eagmrmg,, [VV (20) = VV (2) | 24 = 7))
Comparing to Eq. (16), Part XIII, we see that the continuity equations differ only by a term that

looks like Ezynrm, [VV (70) — VV(z) | 24 = x]. At this point, our proof is very similar to Lemma
10, Part XIII, except we use the tools from Section 1 to bound the discretization error. Concretely,
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where the second line again used % [ mi(z)de = %1 = 0 and substituted (11), the fourth line used

integration by parts, the sixth line used (a,b) < % llall5 + 1 |[b]|3, and the last line used Jensen’s
inequality. Now, by plugging in the log-Sobolev inequality (in the form of Lemma 8, Part XIII)
into (12), as well as our bound from Lemma 2,

=Dy, (ml[7*) < —pDxu, (mi|7) + 39> LE [V (w0) 3] + 6nL%.
Moreover, using the bound (7) with Talagrand’s transportation inequality (9) shows
2 21772 * AL? *
E[IVV(@o)l3] < 20d+ 202 Wi (mo, 7*) < 2Ld + = Dx (moll).

Combining the above two displays and using our bound on 7 finally yields

a * *
EDKL (m¢||7*) < —pDkr (7 ||7*) + 9nLd +

1202L4

Dxy, (mol|7*)

120214

— 45 (o0 (ut) D (7)) < exp ut) (907 + 25Dy (o) )

The conclusion then follows from integrating and using our choice of 7:

Dic. (my ) < ex (~p)  Ds. (o) + nespln) (9022 + 22 Dig (o) )
< (1 - %) Dy, (mo||7*) + 9n2L2d.
O
At this point, the same recursion as used in Theorem 1 (with slightly different parameters), using

the one-step guarantee in Lemma 4 rather than Lemma 3, yields our desired convergence rate.

Theorem 2 (Dxj, convergence of unadjusted Langevin). Let V : R? — R be L-smooth and suppose
7 o exp(=V) satisfies a log-Sobolev inequality with constant i, and let Kk = %, e € (0,1). Let
) ~ 7y, and consider iterating the update (2) for 0 < k < K with n = 7§2L%d. Then, if =)
denotes the law of (%),

2 144k2d 4D ) || 7%
DKL(W(K)HTF*)S for K > =228 log< e (2)7) Y

€
2 €2 €2

Proof. As in the proof of Theorem 1, applying Lemma 4 for K iterations yields
K 2
Dx1, (W<K>||7r*) < exp (’“7> Dy, (7r<°>||7r*) +OPL2d - =
2 un
K
< exp (l“72> Dk (W(O)”W*) +
O

As discussed at the end of Section 1, the assumptions made in Theorem 2 are actually weaker than
those in Theorem 1, since strong logconcavity implies a log-Sobolev inequality (but not the other
way around). Moreover, Theorem 2 implies Theorem 1 up to constants, via (9). The reason for
the scaling % in Theorem 2 is that Pinsker’s inequality then shows Dy (7)), 7%) < € as well.

3 The frontier



Source material

Portions of this lecture are based on reference material in [Che24|, as well as the author’s own
experience working in the field.
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